Abstract. We introduce the notion of an asymptotic triangulation of the annulus. We show that asymptotic triangulations can be mutated as the usual triangulations and describe their exchange graph. Viewing asymptotic triangulations as limits of triangulations under the action of the mapping class group, we compactify the exchange graph of the triangulations of the annulus. The cases of tubes are also considered.
Introduction
The mutation of a triangulation in a marked surfaces is a combinatorial construction which plays a prominent role in Teichmüller theory, as it first appeared in the seminal works of Penner [Pen87, Pen04] and Fock [Foc97] . Inspired by these ideas, Fomin, Shapiro and Thurston initiated a systematic study of these mutations for arbitrary marked surfaces using the concept of cluster combinatorics, see [FST08, FT08] . This led in particular to the notion of exchange graph of triangulations of a marked surface.
Cluster structures also present a very strong interplay with representation theory of algebras. From this perspective, the exchange graphs encode the combinatorics of the (cluster-)tilting objects in suitable triangulated 2-Calabi-Yau categories, see for instance [Rei10] . In the particular case of the so-called tubes, Buan and Krause enriched this combinatorial complex by considering tilting objects in an appropriate completion of the category [BK04] .
The aim of this article is to propose a combinatorial version of this completion at the level of triangulations of marked surfaces, and more precisely in the context of unpunctured annuli and tubes (the latter being unpunctured annuli with marked points on one boundary component only).
We therefore introduce a notion of asymptotic triangulation of an unpunctured marked surface which enriches the complex of triangulations. We prove that these asymptotic triangulations can be mutated as the usual triangulations. This leads to a new polytope associated with the surface, called the boundary of the exchange graph. We finally prove that this boundary can naturally be viewed as the boundary of a compactification of the usual exchange graph of triangulations under the action of the mapping class group.
Notations
Let p, q ≥ 0 and let C p,q denote the annulus with p points marked on a boundary component and q points marked on the other. We denote by M the set of marked points on the boundary of C p,q . Let z denote a non-contractible closed curve in the interior of C p,q so that
Let D z denote the positive Dehn twist with respect to z and MCG(C p,q ) = D z ≃ Z be the mapping class group of C p,q . Two curves in C p,q are called compatible if they do not intersect except possibly at a common extremity which is a marked point. Two isotopy classes of curves are called compatible if there exist compatible representatives.
We let A(C p,q ) denote the set of isotopy classes of (non-boundary) arcs in C p,q , that is, of curves joining two marked points which are compatible with themselves and which do not connect neighbouring marked points on the boundary. Abusing terminology, an element in A(C p,q ) is called an arc. We let T(C p,q ) denote the set of triangulations of C p,q , that is, the set of maximal collections of pairwise distinct compatible arcs.
If p, q ≥ 1, given a triangulation T ∈ T(C p,q ), we denote by Q T the corresponding quiver, see [FST08] .
k is a field.
Asymptotic triangulations of the annulus
We first assume p, q ≥ 1 so that C p,q is an unpunctured marked surface in the sense of [FST08] ; the case q = 0 will be considered later (cf. Remark 1.10). We denote by ∂ and ∂ ′ its two boundary components such that ∂ contains p marked points and ∂ ′ contains q marked points. The orientation on C p,q induces an orientation on each boundary component. Following these orientations, we denote by m 1 , . . . , m p the marked points on ∂ and by m Given a pair {m 1 , m 2 } of marked points on the same boundary component, there exist at most two peripheral arcs with these marked points as extremities. We denote by (m 1 , m 2 ) the unique arc which is homotopic to the boundary component joining m 1 to m 2 in this order following the orientation of the boundary, see Figure  1 . Definition 1.2 (Prüfer and adic curves). Given a marked point m in C p,q , we let :
• π m be the isotopy class of the simple curve starting at m and spiraling positively around the annulus, the Prüfer curve at m;
• α m be the isotopy class of the simple curve starting at m and spiraling negatively around the annulus, the adic curve at m. The set of asymptotic arcs is
An asymptotic arc is called strictly asymptotic if it does not belong to A(C p,q ). With these notions, we can now define asymptotic triangulations of the annulus. Definition 1.3 (Asymptotic triangulations of the annulus). An asymptotic triangulation of the annulus is a maximal collection of pairwise distinct and compatible asymptotic arcs in A(C p,q ). We denote by T(C p,q ) the set of asymptotic triangulations.
An asymptotic triangulation T ∈ T(C p,q ) is called strictly asymptotic if it is not in T(C p,q ). Definition 1.4 (Asymptotic exchange graph). The asymptotic exchange graph is the unoriented graph E(C p,q ) whose vertices are the asymptotic triangulations in T(C p,q ) and where two asymptotic triangulations T, T ′ ∈ T(C p,q ) are joined by an edge if and only if they differ by a single asymptotic arc.
Note that a bridging arc is not compatible with any strictly asymptotic arc. Therefore, a strictly asymptotic triangulation does not contain any bridging arcs.
1.1. Partial asymptotic triangulations based at a boundary. Before we study asymptotic triangulations of the annulus, we focus on partial asymptotic triangulations whose asymptotic arcs all have their extremities on a fixed boundary component.
Definition 1.5 (Arc based at a boundary). Let β be a boundary component of C p,q . An asymptotic arc is based at β if either it is an arc with both its extremities on β or if it is strictly asymptotic with its unique extremity on β.
We denote by A(β) the set of asymptotic arcs based at β and by T(β) the set of maximal collections of pairwise distinct compatible asymptotic arcs in A(β). These are called the partial asymptotic triangulations based at the boundary component β.
We denote by E(β) the exchange graph formed by the partial asymptotic triangulations in T(β). Proposition 1.6. Let β be a boundary component of C p,q containing r marked points. Then the following hold:
(1) any T ∈ T(β) consists of r asymptotic arcs; (2) for any T ∈ T(β) and any θ ∈ T , there exists a unique θ * ∈ A(β) such that θ * = θ and such that µ θ T := T \ {θ} ⊔ {θ * } ∈ T(β). The partial asymptotic triangulation µ θ T is called the mutation of T in θ; (3) E(β) is a connected r-regular graph.
Proof. Let T ∈ T(β). We first observe that T necessarily contains a strictly asymptotic arc. Indeed, if not, then there is a marked point m on β such that T contains no arc lying above m which forms a triangle with m. Therefore, as it is illustrated in the figure below, both the Prüfer and the adic curves based at m are compatible with T , so that T is not maximal.
We now prove that for any asymptotic arc θ ∈ T , there exists a unique θ * ∈ A(β) such that θ * = θ and such that T \ {θ} ⊔ {θ * } ∈ T(β). We will distinguish several cases. First assume that θ is an arc which lies "below" another arc γ, as in the figure below, with θ the bold arc.
Then cutting along γ reduces the situation to that of a disc with marked points, in which case the result is known.
We can now assume that T contains no arc above θ. In case θ is the unique strictly asymptotic arc in T we let m be the point on β where θ is based. Then if θ = π m , it is clear that θ * = α m and conversely, if θ = α m , then θ * = π m , see the figure below.
Now assume that T contains several strictly asymptotic arcs. Then necessarily either all these are Prüfer or all these are adic. By symmetry, let us assume that these are Prüfer. Now there are two cases, either θ is a strictly asymptotic arc, or it is not. Let first assume that θ is strictly asymptotic, so that θ = π m for some marked point m on β. Let a and b be the two (possibly equal) closest marked points on β at which strictly asymptotic arcs of T \ {π m } are based. Then, the unique asymptotic arc θ * which can replace θ is the arc joining a and b and bordering a triangle with vertices a, b and m, see the figure below. Now assume that θ is not a strictly asymptotic arc. If it is below another arc, then we already saw that the statement holds. Therefore, we can assume that θ is an arc joining two (possibly equal) points a and b at which strictly asymptotic arcs are based, which are either both Prüfer or both adic. Let us first assume that T contains π a and π b . Let x be the vertex such that θ borders the triangle with vertices a, b and x. Then the unique asymptotic arc which is compatible with T \ {θ} and which differs from θ is π x . Similarly, if T contains α a and α b , then θ * = α x . The figure below illustrates the situation.
Therefore, we saw that in either case there is a unique asymptotic arc θ * = θ such that T \ {θ} ⊔ {θ * } ∈ T(β), proving the second point. We now prove that E(β) is connected by proving that any T ∈ T(β) is connected to the partial asymptotic triangulation consisting only of Prüfer curves, one based at each marked point. For this we fix T ∈ T(β) and according to the above discussion, we can successively mutate T at its strictly asymptotic arcs until we get a partial asymptotic triangulation T ′ containing exactly one strictly asymptotic arc, this arc being based at a certain marked point x. Now either π x ∈ T ′ and we set T ′′ = T ′ , or π x ∈ T ′ and we set T ′′ = T ′ \ {α x } ⊔ {π x } so that in both cases T ′′ contains exactly one strictly asymptotic arc, which is Prüfer. Now according to the previous discussion, we can successively mutate at the peripheral arcs of T ′′ in such a way that at each step we create precisely one new Prüfer curve, this being done until we end up with the partial asymptotic triangulation consisting only of Prüfer curves, one based at each marked point, as claimed. Therefore E(β) is connected. The picture below illustrates the successive steps.
Now it only remains to prove that T ∈ E(β) contains r asymptotic arcs where r is the number of marked points on β. By connectedness of E(β), the number of asymptotic arcs in a partial asymptotic triangulation T ∈ T(β) does not depend on the choice of T . Therefore it is enough to observe that the partial asymptotic triangulation consisting of the Prüfer curves based at each point contains as many asymptotic arcs as the number of marked points, proving the first point. Together with the second point, this proves that E(β) is r-regular, and thus the proposition.
1.2. From partial to complete asymptotic triangulations. Lemma 1.7. Let T ∈ T(C p,q ) be an asymptotic triangulation. Then the following hold:
(1) If T ∈ T(C p,q ), then T contains at least two bridging arcs; (2) If T is strictly asymptotic, then it contains at least two strictly asymptotic arcs and there are partial asymptotic triangulations T ∂ and T ∂ ′ based respectively at ∂ and
Proof. Let T ∈ T(C p,q ) and let T be the set of all bridging arcs in T . Then there exists at least one point on each boundary component which is not covered by an arc of T forming a triangle with this point as a vertex (as the point m in the first picture of the proof of Proposition 1.6). In this situation, completing T to a triangulation amounts to triangulating another annulus with less marked point on each boundary component using only bridging arcs, this always requires at least two bridging arcs. Now assume that T is a strictly asymptotic triangulation so that it contains a strictly asymptotic arc γ m based at a point m on one of the boundary component, say ∂. Since T consists only of peripheral arcs and of strictly asymptotic arcs, the asymptotic arcs based at marked points on the other boundary component ∂ ′ are either peripheral or strictly asymptotic. If such an asymptotic arc is strictly asymptotic, the first part of claim (2) is proved. Therefore, assume that all these arcs are peripheral. Then, as in the previous discussion, there exists a point m ′ on ∂ ′ above which there lies no triangle cut out by peripheral arcs of T (as the point m in the first picture of the proof of Proposition 1.6). As the strictly asymptotic arcs based at m ′ are compatible with all the peripheral arcs and with all the strictly asymptotic arcs based at marked points on ∂, the asymptotic triangulation T necessarily contains a strictly asymptotic arc based at m ′ , which proves the first part of claim (2). Let T ∂ be the set of asymptotic arcs of T based at ∂ and by T ∂ ′ be the set of asymptotic arcs of T based at ∂ ′ . Since T contains no bridging arcs, it follows that T = T ∂ ⊔ T ∂ ′ , proving the second point.
Corollary 1.8. The number of asymptotic arcs in an asymptotic triangulation of C p,q is p + q.
Proof. Let T be an asymptotic triangulation. Either it is a triangulation in the usual sense in which case it is known that is has p + q arcs, or it is strictly asymptotic in which case we can decompose it as T = T ∂ ⊔ T ∂ ′ and the result then follows from Lemma 1.7, observing that |T ∂ | = p and |T ∂ ′ | = q. Proposition 1.9. Let T ∈ T(C p,q ) and let θ ∈ T . Then there exists a unique θ * ∈ A(C p,q ) such that θ * = θ and such that T \ {θ} ⊔ {θ * } ∈ T(C p,q ). This is called the mutation of T in θ, written as µ θ T .
Proof. Let T ∈ T(C p,q ). If T ∈ T(C p,q ), then it is well-known that for any θ ∈ T , there exists a unique θ * ∈ A(C p,q ) such that θ * = θ and such that T \ {θ} ⊔ {θ * } ∈ T(C p,q ). Now it follows from Lemma 1.7 that every triangulation of C p,q contains at least two bridging arcs so that T \{θ} is not compatible with any strictly asymptotic arc. Therefore, the above arc θ * is the unique asymptotic arc such that T \ {θ} ⊔ {θ * } ∈ T(C p,q ). Assume now that T is strictly asymptotic. Then it follows from Lemma 1.7 that T = T ∂ ⊔ T ∂ ′ where ∂ and ∂ ′ are the two boundary components of C p,q . By symmetry, assume that θ ∈ T ∂ . By maximality of T ∂ ′ , any element in A(∂ ′ ) which is compatible with T ∂ ′ is already contained in T ∂ ′ . Moreover, since T ∂ ′ contains a strictly asymptotic arc, any triangulation containing this strictly asymptotic arc cannot contain a bridging arc, and therefore if θ * exists, it is necessarily based at ∂. Then it follows from Proposition 1.6 that there exists a unique θ
Remark 1.10. In case p ≥ 1 we call C p,0 a tube with p marked points. As usual, we denote by ∂ the boundary component of C p,0 containing p marked points. An asymptotic arc in C p,0 is an element in A(C p,0 ) = A(∂), an asymptotic triangulation of C p,0 is an element in T(C p,0 ) = T(∂), and the asymptotic exchange graph of
In particular, the statements of Proposition 1.6 hold for the tube, that is :
(1) Any asymptotic triangulation T ∈ T(C p,0 ) consists of p asymptotic arcs.
(2) For any T ∈ T(C p,0 ) and any θ ∈ T , there exists a unique θ
1.3. The boundary of the exchange graph. We next move on to the general situation of the annulus C p,q and we now allow the case p ≥ 1, q = 0 as well. As we saw in Propositions 1.6 and 1.9, the mutation of a strictly asymptotic triangulation of C p,q is again strictly asymptotic. Therefore, the full subgraph of the asymptotic exchange graph consisting of the strictly asymptotic triangulations is a union of connected components of the asymptotic exchange graph. This graph is called the boundary of the asymptotic exchange graph and is denoted by ∂E(C p,q ).
In case q = 0, any asymptotic triangulation is strictly asymptotic so that we have ∂E(C p,0 ) ≃ E(C p,0 ) for any p ≥ 1.
For p ≥ 1 we denote by T p the mesh category over k of the stable translation quiver ZA ∞ /(p). Slightly abusing the terminology, we also call T p a tube of rank p. We extend this category by adding filtered direct limits and filtered inverse limits of modules, see [BBM11] . We denote the resulting category by T p , called the extended tube of rank p. Its indecomposable objects are the indecomposable objects of T p together with the Prüfer modules M i,∞ , for i = 0, . . . , p − 1 and the adic modules M i , for i = 0, . . . , p − 1.
We write E(T p ) for the exchange graph of maximal rigid objects of the extended tube T p . This exchange graph has been first studied in [BK04, Appendix B] . It is called the circular associahedron.
Lemma 1.11. Let β be a boundary component with p > 0 marked points. Then
Proof. The assertion follows, since the set of asymptotic triangulations of the annulus C p,0 is in bijection with the set of isomorphism classes of maximal rigid objects in the extended tube T p and that this bijection commutes with mutations, see [BBM11] .
We A direct corollary of the proof of Proposition 1.9 and of Lemma 1.11 is the following. Corollary 1.14. Let ∂ and ∂ ′ be the boundary components of C p,q . Then
In particular, the boundary ∂E(C p,q ) is the product of two circular associahedra.
Example 1.15. Consider A(C 2,1 ). It contains six strictly asymptotic arcs : one Prüfer and one adic based at one boundary component, two Prüfer and two adics at the other. There are therefore twelve strictly asymptotic triangulations and the boundary ∂E(C 2,1 ) of the asymptotic exchange graph is depicted in Figure 3 . Note that in this case, it is a direct product of associahedra of types B 2 and B 3 respectively. Figure 3 . The boundary ∂E(C 2,1 ) of the asymptotic exchange graph of the annulus C 2,1 .
Sequences of triangulations
In this section we prove that asymptotic triangulations do provide a natural way to compactify the usual exchange graph of the triangulations of annulus.
Throughout this section, we assume that p, q ≥ 1. Therefore C p,q is an unpunctured marked surface in the sense of [FST08] and we can associate with any triangulation T of C p,q a quiver Q T without loops nor 2-cycles, in such a way that mutations of triangulations commute with quiver mutations, see [FST08] for details.
2.1. Action of MCG(C p,q ) on triangulations. Given a quiver Q, we denote by
the set of all triangulations with associated quiver Q.
Lemma 2.1. For any quiver Q, the mapping class group MCG(C p,q ) acts on T Q (C p,q ) and the quotient T Q (C p,q )/MCG(C p,q ) is finite.
Proof. It is easy to see that MCG(C p,q ) acts on A(C p,q ) with finitely many orbits. Moreover, as it acts by homeomorphisms, it preserves the triangulations and their quivers so that it acts on T Q (C p,q ). As A(C p,q )/MCG(C p,q ) is finite, so is T(C p,q )/MCG(C p,q ) and therefore, so is T Q (C p,q )/MCG(C p,q ).
Converging sequences of triangulations.
Definition 2.2 (Converging sequences). Let (T n ) n≥0 ⊂ T(C p,q ). We say that the sequence (T n ) n≥0 converges if there exists some integer N ≥ 0 and a monotone map d : N−→ Z such that for any k ≥ 0, we have
(1) If lim n d(n) = +∞ we say that (T n ) n≥0 converges positively; (2) If lim n d(n) = −∞ we say that (T n ) n≥0 converges negatively; (3) If d is constant, we say that (T n ) n≥0 stabilises (after N ). γ is a collection of Prüfer arcs (of both boundary components). In particular, they do not cross. b) lim n T n has exactly p + q arcs. First note that the number of peripheral arcs of T N and of lim n T n is the same. It only remains to see that the number of bridging arcs of T N is equal to the number of Prüfer arcs in lim n T n . It is enough to show this for the case where T N does not contain any peripheral arcs. By Lemma 1.7 T N contains a bridging arc. Up to relabeling the marked points, we can assume that T N contains the arc m 1 , m ′ 1 . We cut the annulus along this arc and consider the resulting cylindrical region in the plane:
